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. , , .
1
s=\mbox{\boldmath $\sigma$}+it \mbox{\boldmath $\zeta$}(s) Riemann . \mbox{\boldmath $\zeta$}(s)
\rho =\beta +i\mbox{\boldmath $\gamma$} . , “Riemann ” , Riemann
, .
Riemann
$\sum_{2\leq n\leq X}\Lambda(n)=X-\sum_{\rho}\frac{X^{\rho}}{\rho}-\frac{\zeta’}{\zeta}(0)-\frac{1}{2}\log(\prime 1-\frac{1}{X^{2}})$
, $\sum_{2\leq n\leq x’}\text{ }X\text{ }\frac{1}{2}\text{ }_{-\text{ }^{}\wedge}$,




, Selberg Montgomery .
, .
2 Selberg
$N(T)$ $\zeta(s)$ $0<\gamma<T$ . ,
$N(T)= \frac{T}{2\pi}\log\frac{T}{2\pi}-\frac{T}{2\pi}+\frac{7}{8}+S(T)+O(\frac{1}{T})$
$S(T)=- \frac{1}{\pi}\int_{\frac{1}{2}}^{\infty}\Im(\frac{\zeta’}{\zeta}(\sigma+it))d\sigma$ (1)
. , $S(T)=O(\log T)$ ([5] 16 ).
Littlewood [9] , Riemann
$S(T)=O( \frac{\log T}{\log\log T})$
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. Selberg [12] ( Riemann )
.
Selberg $s$ $\zeta(s)$ , $s\neq 1$ .
$\frac{\zeta’}{\zeta}(s)=-\sum_{2\leq n<X}\frac{\Lambda(n)}{n^{\epsilon}}-\sum_{X\leq n\leq X^{2}}\frac{\Lambda(n)}{n^{s}}(2-\frac{\log n}{\log X})$
$- \frac{X^{1-s}(1-X^{1-s})}{(\log X)(1-s)^{2}}+\frac{1}{\log X}\sum_{\rho}\frac{X^{\rho-\epsilon}(1-X^{\rho-\epsilon})}{(\rho-s)^{2}}$
$+ \frac{1}{\log X}\sum_{j=1}^{\infty}\frac{X^{-(2j+s)}(1-X^{-(2j+s)})}{(2j+s)^{2}}$ .
Selberg Littlewood , S(T)
, , .
.














$| \frac{1}{\log X}\sum_{\rho}\frac{X^{\rho-s}(1-X^{\rho-s})}{(\rho-s)^{2}}|\leq\frac{X^{\frac{1}{2}-\sigma}(\mathrm{l}+X^{\frac{1}{2}-\sigma})}{\log X}\sum_{\gamma}\frac{1}{(\frac{1}{2}-\sigma)^{2}+(\gamma-t)^{2}}$
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. , $2<C\leq\sigma$




(Titchmarsh [13] P.77, Th 4.11). (3)
$S(T)=- \frac{1}{\pi}\int_{\frac{1}{2}}^{C}\Im(\frac{\zeta’}{\zeta}(\sigma+it))d\sigma-\frac{1}{\pi}\int_{C}^{\infty}\Im(\frac{\zeta’}{\zeta}(\sigma+it))$
. – . $\frac{1}{2}<\sigma\leq C$
$\mathrm{L}_{(s)}’\zeta$ , (3) , . ,
(2) , Selberg Dirichlet
. (2) , Selberg
, , (2)
$([12] \mathrm{p}.6-\overline{/})$ . , $\mathrm{G}\mathrm{o}\mathrm{l}\mathrm{d}\mathrm{s}\mathrm{t}\mathrm{o}\mathrm{n}-\mathrm{G}\mathrm{o}\mathrm{n}\mathrm{e}\mathrm{k}-\mathrm{M}\mathrm{o}\mathrm{n}\mathrm{t}\mathrm{g}\mathrm{o}\mathrm{m}\mathrm{e}\mathrm{r}\mathrm{y}[6]$ ,
$\int_{1}^{T}|_{\zeta}^{\mathrm{r}’}(\frac{1}{2}+\frac{a}{\log T}+it)|^{2}dt$ , , (2)
. , $\zeta(s)$





2 $\sum_{\gamma}\frac{\mathrm{Y}^{i(\gamma-t)}}{1+(\gamma-t)^{2}}=-\mathrm{Y}^{-_{2}^{1}-it}(_{2\leq n\leq \mathrm{Y}}\sum\Lambda(\mathrm{n})(\frac{\mathrm{Y}}{n})^{-\frac{1}{2}+it}+\sum_{n>Y}\Lambda(n)(\frac{\mathrm{Y}}{n})^{\mathrm{g}_{+it}}2)$
$+ \mathrm{Y}^{-1}(\log(|t|+2)+O(1))+O(\frac{\sqrt{\mathrm{Y}}}{|t|+2})$
, .
, . , Weil
, Montgomery . , $\mathrm{Y}^{-1}(\log(|t|+2)+O(1))$
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, w , . – , Montgomery
, , Dirichlet $Y^{-1}\log(|t|+2)$
. Dirichlet
. $\mathrm{Y}^{-1}\log(|t|+2)$ , $\text{ }\frac{\Gamma’}{\Gamma}\text{ }$ ,
, , Dirichlet
, , , Selberg \mbox{\boldmath $\sigma$}
.
, (5) $\mathrm{Y}$ $T$ .
$\text{ }\sum_{0<\gamma\leq T}\sum_{0<\gamma’<T,\gamma’=\gamma}1\text{ }\mathrm{u}\mathrm{p}\mathrm{p}\mathrm{e}\mathrm{r}^{\mathrm{b}}\mathrm{b}\mathrm{o}\mathrm{u}\mathrm{n}\mathrm{d}\text{ }$, ,
Montgomery “Riemann , $\zeta(s)\text{ }\frac{2}{3}\uparrow\mathrm{h}-\text{ }$
” .
4 Weil-Barner
, Selberg , Montgomery Weil
. , Weil .
(0, o\infty ) g class . Mellin
$(Mg)(w)= \int_{0}^{\infty}g(x)x^{w}\frac{dx}{x}$
. $Mg$ $\frac{1}{2}$ M . ,
$(M_{\frac{1}{2}}g)(w)=(Mg)(w- \frac{1}{2})$ . $\delta>0$ ,
$\int_{1+\delta-i\infty}^{1+\delta+i\infty}-\frac{\zeta’}{\zeta}(w)(M_{\frac{1}{2}}g)(w)dw$ (6)
. , $\mathrm{L}’\zeta$ Dirichlet Mellin $\sum_{n=2}^{\infty}+_{n}^{\Lambda n}g(n)$
. – , (6) $\Re w=-\delta$ $\mathrm{L}’\zeta$ , , $\zeta$
, $s=1$ . $\Re w=-\delta$
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$\zeta$ , Mellin
, $\sum_{n=2}^{\infty}\frac{\Lambda(n)}{\sqrt{n}}g(\frac{1}{n})$ $\frac{\Gamma’}{\Gamma}$ $\Re w=-\delta$ .
, $\Re w=$ . Weil
.
, $Mg$ $\frac{1}{2}$ $M_{\frac{1}{2}}g$ , $\frac{1}{2}$ [ $\zeta(s)$
$s= \frac{1}{2}$ . , $0\leq\sigma\leq 1$ $s$
. , $(M_{s}g)(w)=(Mg)(w-s)$ ,
$\int_{1+\delta-i\infty}^{1+\delta+i\infty}-\frac{\zeta’}{\zeta}(w)(M_{s}g)(w)dw$
, . , Weil
.
Weil $s$ $0\leq\sigma\leq 1$ . $\mathrm{R}$ $\psi$
Condition 1, 2 :
Condition 1 $\psi$ normalized . ,
$\psi(x)=\frac{\psi(x+)+\psi(x-)}{2}$ , $x\in \mathrm{R}$,
. , $\psi(x+)$ $\psi$ $x$ , $\psi(x-)$ .
Condition 2 $0<\delta’<1k\text{ },$ $G(x)\text{ }$
$G(x)=\{$
$e^{(1-\sigma+\delta’)x}$ , $x\geq 0$
$e^{-(\sigma+\delta’)x}$ , $x<0$
. $\psi(x)G(x)$ $\mathrm{R}$ .




. , $\sum_{\rho}$ $|\gamma|<V$ $Varrow\infty$ .
$\frac{\Gamma’}{\Gamma}$ $I$ . $I$ .
Barner[l] . Barner , , E ( )
Fourier . , ,
$I= \lim_{Varrow\infty}\frac{1}{2\pi}\int_{-V}^{V}\frac{\Gamma’}{\Gamma}(\frac{\frac{1}{2}+iv}{2})(\frac{\psi(x)e^{x(_{\mathfrak{T}}^{\mathit{1}}-s)}+\psi(-x)e^{-x(\frac{1}{2}-\epsilon)}}{2})^{t_{\backslash }}.(-v)dv$ ,
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“ ’ Fourier , .
$W( \alpha)=\frac{1}{2\pi}\int_{-\infty}^{\infty}\frac{\Gamma’}{\Gamma}(\frac{\frac{1}{2}+iv}{2})\hat{\alpha}(-v)dv$ , (7)
$\alpha$
$\backslash \nearrow^{\backslash }\mathrm{I}$ , . $W$ ( )
$\frac{\Gamma’}{\Gamma}$ ( ) (8)
Fourier , Fourier (8) ,








Barner , , class \psi
, .
Barner $\mathrm{R}$ $\psi$
Condition 1 $\psi$ normalized .
Condition 2’\psi R , , $L^{1}$ (R) .
Condition 3 $\epsilon$
$\psi(x)=\psi(\mathrm{O}+)+O(|x|^{\epsilon})$ , $xarrow \mathrm{O}+$
$\psi(x)=\psi(\mathrm{O}-)+O(|x|^{\epsilon})$ , $xarrow \mathrm{O}-$ .
. , .
$1 \text{ }\frac{1}{2\pi i}\int_{1/2-iV}^{1/2+\dot{*}V}$ $( \frac{\Gamma’}{\Gamma}(\frac{w}{2})+\frac{\Gamma’}{\Gamma}(\frac{1-w}{2}))$ ( g)(w)
$= \int_{0}^{\infty}(\frac{e^{-2x}}{x}\psi(0)-\frac{e^{-xs}}{1-e^{-2x}}\psi(x)-\frac{e^{-x(1s)}}{1-e2x}=\psi(-x))$
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Condition 2’ Condition 2 . ,
Gauss . , Weil
, .
Weil-Barner $s$ $0\leq\sigma\leq 1,$ $s\neq 0,$ $s\neq 1$ . $\psi$ Condition 1,





5 Montgomery , Selberg
, Weil-Barner $\mathrm{u},$ $\mathrm{v}$ ,
, . ,
$\psi$ .

















(10) Montgomery (10) $u=1$
– , , – , ( , $\psi(x),$ $\psi’(x)\ll G(x)^{-1}$ ,









. , , Montgomery .
, Riemann , $\rho=1/2+i\gamma,$ $v=\log \mathrm{Y}_{\text{ }}s=1/2+it,$ $\psi(x)=e^{-|x|}$ ,
$\delta’=\frac{1}{2}$ , .









( , [5] p.80-82 ),
$\sum_{n=2}^{\infty}\frac{\Lambda(n)}{n^{s}}\psi(\frac{\log n}{u})-\sum_{\rho}\int_{0}^{\infty}\psi’(x)\frac{e^{xu(\rho-s)}}{\rho-s}dx+\psi(0+)\frac{\zeta^{j}}{\zeta}(s)$
$=- \frac{1}{u}\int_{0}^{\infty}\psi’(\frac{x}{u})\frac{e^{x(1-s)}}{1-s}dx+\frac{1}{u}\sum_{j=1}^{\infty}\int_{0}^{\infty}\psi’(\frac{x}{u})\frac{e^{-x(2j+s)}}{-(2j+s)}dx$





$2-x$ , $1<x\leq 2$
$0$ ,
.







$\psi$ . $x>0$ ,
. , Selberg
$\psi$ , $\psi’(x)=0,0<x<1$ ,
$\sum_{\rho}\int_{0}^{\infty}\psi’(x)\frac{e^{x\mathrm{u}(\rho-\delta)}}{\rho-s}dx=\sum_{\rho}\int_{1}^{\infty}\psi’(x)\frac{e^{xu(\rho-l)}}{\rho-s}dx$
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, $x$ $0$ . , , Riemann
$\frac{1}{2}<C\leq\sigma$ $o( \frac{xb-\sigma}{\log X})$ .
$\psi$ .
Selberg , Montgomery ,
, , ,
. , , Weil-Barner
, Selberg, Montgomery




(9) $s= \frac{1}{2}$ . ,
$\sum_{\rho}e^{v(\rho-\frac{1}{2})}\int_{-\infty}^{\infty}\psi(\frac{x}{u})e^{x(\rho-\frac{1}{2})}dx$ (11)
. [7] ,
, (11) $uarrow \mathrm{O}+$ . (11) $uarrow \mathrm{O}+$
, . , [7]
.
$\mathrm{R}$ $\psi$ Condition 1 , $\psi(\frac{-v}{u})$ Condition 2(
$\sigma=\frac{1}{2}$ ) . $|\psi(x)|\leq Ce^{-\beta|x|},$ $C,$ $\beta$ , .




$O(u)$ , $uarrow 0+$ ,
if $v\neq\pm\log m,$ $m=1,2,3,$ $\ldots$ ,
\psi (0)+O(u), $uarrow 0+$ ,
if $v=\pm\log m,$ $m=2,3,4\ldots$ ,
$- \psi(0)\log(2\pi u)+\int_{0}^{\infty}(\psi(0)e^{-x}-\frac{\psi(x)+\psi(-x)}{2})\frac{dx}{x}$
$+O(u)$ , $uarrow 0+$ , if $v=0$
, - .
(9) $s= \frac{1}{2}$ , $v\neq 0$ , (11)
Dirichlet ( ), $O(u)$ . Dirichlet
76
, $\pm\log n=v$ $n$ ,
, $\pm\log n\neq v$ $n$ Dirichlet , $O(u)$
. . –
, , $v\neq 0$ .
, , O(u) ,
.
, $v=0$ , $v\neq 0$
. , .











$-2 \int_{0}^{\infty}(\frac{1}{e^{2x}-1}-\frac{1}{2x}+1)e^{-\frac{l}{2}}\Psi(\frac{x}{u})dx$ . (13)
. ,
$E(x)=( \frac{1}{e^{2x}-1}-\frac{1}{2x}+1)e^{-a\frac{e}{l}}$
. E (0, op) , Ll .
, (13) O(u) . ,
Gauss
$\frac{\Gamma’}{\Gamma}(z)=\log z-\int_{0}^{\infty}(\frac{1}{e^{x}-1}-\frac{1}{x}+1)e^{-zx}dx$, $\Re z>0$
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$\log z=\int_{0}^{\infty}(e^{-x}-e^{-zx})\frac{dx}{x}$ , $\Re z>0$ (14)
,
$J+ \Psi(\mathrm{O})\log\pi=\int_{0}^{\infty}(e^{-2x}\Psi(0)-e^{-a\frac{e}{2}}\Psi(\frac{x}{u}))\frac{dx}{x}+O(u)$ (15)
. (15) – $K$ .
$K= \Psi(0)\int_{0}^{\infty}(e^{-2\mathrm{u}x}-e^{-x})\frac{dx}{x}+\int_{0}^{\infty}(\Psi(0)e^{-x}-\Psi(x))\frac{dx}{x}+\int_{0}^{\infty}\Psi(x)(1-e^{-\frac{uae}{2}})\frac{dx}{x}$
. , l–e- O(u)









\mbox{\boldmath $\varphi$} R . $\varphi \text{ }\sum_{\lambda}a_{\lambda}e^{ix\lambda}\text{ }$,
. , , {\mbox{\boldmath $\lambda$}}
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\searrow . \mbox{\boldmath $\varphi$} ( , ),
Fourier ,
$\varphi(x)=\frac{1}{2\pi}\int_{-\infty}^{\infty}\hat{\varphi}(\lambda)e^{ix\lambda}d\lambda$ (16)
. , $\hat{\varphi}$ $\{\lambda\}$ . , $\mathrm{R}$
,
. - , , (
)Fourier , Fourier .
, , Fourier .




. , . \mbox{\boldmath $\varphi$}
$\text{ ^{}-}C$ , Beurling $1\mathrm{h}$
$U_{\varphi}(u, v)= \int_{-\infty}^{\infty}\varphi(t)e^{-u|t|-|tv}dt$, $u>0,$ $v\in \mathrm{R}$ (18)
U\mbox{\boldmath $\varphi$}(u, v) . , \epsilon
$\varliminf_{uarrow+0}\int_{\lambda-\epsilon}^{\lambda+\epsilon}|U_{\varphi}(u, v)|dv>0$




$\Phi_{-}(z)=-\int_{-\infty}^{0}\varphi(t)e^{:zt}dt$ , $\Im z<0$ .
, \Phi +(z) , \Phi -(z) .
,
$U_{\varphi}(u, v)=\Phi_{+}(v+iu)-\Phi_{-}(v-iu)$
. $\varphi$ , , $v$
$U_{\phi}(u, v)$ , $\tau\iotaarrow 0+$ , $0$
. , $\Phi_{+}(z)$
, \Phi -(z) .
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, , , . Bohr
, – , , Bohr
, . ,




, Loomis [10] . ,
, Beurling ,
. Beurling [2]




, , Riemann ,
$\sum_{\gamma}$
.
$\int_{-\infty}^{\infty}\psi(\frac{x}{u})e^{i\gamma l}dx\cdot e^{:}\gamma v$ (19)
. , (18) (19) , ,
. , (19) , $v$ , $uarrow \mathrm{O}+$
. , .
, Beurling ,
$\{0\}\mathrm{U}$ { $\pm\log p^{l},$ $P$ , \sim }
, .
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